Abstract-The study of nonlinear effects on orthogonal frequency division multiplexing (OFDM) signals can be made taking advantage of their Gaussian characteristics. This is relatively simple and straightforward for smooth, polynomial nonlinear characteristics, since the required number of intermodulation products (IMPs) can easily be obtained. However, the situation is more complex for clipping characteristics, since they are not differentiable and their polynomial approximation is a function of the clipping level.
I. INTRODUCTION
It is well-known that orthogonal frequency division multiplexing (OFDM) signals [1] have high envelope fluctuations, which leads to amplification difficulties. Although many different techniques were proposed to reduce the envelope fluctuations and peak-to-average power ratio (PAPR) of OFDM signals [2] - [6] , the simplest way to reduce the PAPR is to clip a sampled version of the OFDM signal [7] - [9] . However, the clipping is a nonlinear operation that distorts the signals, leading to spectral widening and in-band nonlinear distortion that leads to performance degradation.
By taking advantage of the Gaussian characteristics of OFDM signals with a large number of subcarriers, we can statistically characterize the nonlinearly distorted OFDM signal [9] - [11] . The basic approach is to decompose the signal at the output of the nonlinear device as the sum of uncorrelated useful and distortion components, thanks to the Bussgang theorem [12] , and to employ an intermodulation product (IMP) analysis to characterize the distortion component [10] - [13] . This statistical characterization can then be employed for studying the performance of clipped OFDM signals.
Although this approach is more-or-less straightforward and general, there are difficulties when the nonlinear characteristic is not smooth (as with clipping operations that are not differentiable), since it is difficult to know how many IMPs are required, not to mention possible convergence problems.
In this paper, we consider the effects of clipping on sampled OFDM signals and we define an equivalent nonlinear characteristic that is polynomial, with small degree, whose output has the same spectral characteristics of a clipping operation. We then use this equivalent nonlinear characteristic for studying the impact of the effects of clipping on sampled OFDM signals, allowing very accurate estimates of the power spectral density (PSD) of the output signals, as well as the corresponding signal-to-interference ratio (SIR) levels due to clipping. We also use it to obtain the performance of optimum receivers for clipped OFDM. This paper is organized as follows: in section II we characterize the nonlinear OFDM scheme adopted in this work. Section III presents a method for obtaining an equivalent nonlinearity that can be employed to characterize theoretically the nonlinear distortion associated to clipping characteristics. In section IV, we use these equivalent nonlinearities to obtain the SIR levels and the optimum performance associated to clipped OFDM signals. Section V presents the conclusions of this work.
Throughout this paper we employ the following conventions: bold letters denote matrices or vectors and italic letters denote scalars. Capital letters are associated to the frequencydomain and small letters are associated to the time-domain. ||X|| denotes the Euclidean norm of the vector X and (·) T denotes the transpose operator. The probability density function (PDF) of the random variable x is denoted as p(x) and E[·] denotes expectation. T ∈ C NM , and the output is a sampled version of an OFDM signal represented by
II. NONLINEAR OFDM SYSTEM
T ∈ C NM with F denoting the NM-point discrete Fourier transform (DFT) matrix, whose the entry at the ith line and kth column is
When N is large, the time-domain samples s
have Gaussian distribution and can be modeled by a Gaussian random variable (RV) with zero mean, variance σ 2 = N/(NM) 2 and PDF
The absolute values of the time-domain samples r = |s| = [r 0 r 1 ... r NM−1 ] T ∈ C NM can be modeled by a Rayleigh distributed RV, r, whose the PDF is
with u(r) denoting the unitary step function. Due to the Gaussian characteristic of OFDM signals at the input of the nonlinearity, the Bussgang's theorem [12] can be used. This theorem states that the output of the nonlinearity y = [y 0 y 1 ... y NM−1 ] T ∈ C NM can be divided as the sum of two uncorrelated terms: a scaled replica of the input signal
T ∈ C NM and a term that concentrates
where the constant α is related to the correlation between the elements of y and s and the autocorrelation of s,
where f (r) = A(r) exp(jΘ(r)) is the nonlinear function that represents de bandpass memoryless nonlinearity, with A(r) representing the amplitude modulation-amplitude modulation 2 It should be noted that the matrix indexes start in 0, instead of 1.
(AM-AM) characteristic, and Θ(r) the amplitude modulationphase modulation (AM-PM) characteristic. In this paper we consider ideal envelope clipping, that is represented by a nonlinear function without AM-PM distortion (i.e., Θ(r) = 0), given by
where s M /σ is the normalized clipping level. The PSD of a nonlinearly distorted OFDM signal can be obtained through the DFT of its autocorrelation function, that is [13] R y,n−n = 2
where R s,n−n is the autocorrelation of the input signal and P 2γ+1 denotes the power associated to the IMP of order 2γ+1, that can be obtained as
with L (1) γ (·) denoting the Laguerre polynomial of degree γ. Considering Bussgang's theorem, we can also divide the output autocorrelation as
where R d,n−n is the autocorrelation of the nonlinear distortion term of (4). The average PSD is
We denote this approach for obtaining the PSD as the "truncated IMP" approach, since instead of computing all IMPs (from γ = 0 to γ = +∞), it only considers the contribution of the first n γ + 1 IMPs, which implicitly corresponds to make a polynomial approximation for the nonlinearity, i.e.,
where K l is the coefficient of the lth polynomial term. 
III. EQUIVALENT NONLINEARITIES
As seen in the last section, the PSD of clipped OFDM signals can be obtained with accuracy by taking advantage of their Gaussian nature. However, these accurate results are associated with the computation of a large number of IMPs and, consequently, involve considerable complexity. This can be justified by the non-smooth characteristic of the clipping that can not be approximated with a polynomial function with few terms (i.e., (10) only holds for very high values of n γ ). Therefore, for such non-smooth nonlinear characteristics, it will be good to obtain a smoother, equivalent nonlinearity that gives rise to signals with the same spectral characteristics of the ones distorted by the clipping. In this section, we employ the approach of [14] do define an equivalent nonlinearity g(·) in those circumstances.
Let us rewrite the power of the (2γ+1)th IMP of f (·) (given in (8)) as
where the coefficient ν f 2γ+1 is obtained by we note that the PSD associated to a given IMP becomes 3 In this section, we use the superscript f or g to distinguish between the clipping characteristic and its equivalent nonlinearity, respectively. more flat as the order of the IMP increases. As for instance, we note that the frequency-domain distribution associated to P 9 (γ = 4) is almost constant, having only few variations. What one can verify is that when γ > M, the frequencydomain distribution associated to the corresponding IMP is approximately constant. This means that, in the time-domain, the autocorrelations associated to those PSDs are well approximated by Dirac delta functions. Using this fact, we can obtain an equivalent, polynomial nonlinearity with low degree, whose IMPs are related with the IMPs of f (·), namely
where γ max should be greater than the oversampling factor, i.e., γ max ≥ M . The equivalent nonlinearity is then characterized by
The coefficients ν g 2γ+1 can be obtained by substituting the definition of f (r) with g(r) in (12), resulting
The goal is to find the polynomial coefficients
, and using the definition of P g 2γ+1 in (13) .
T ∈ R γmax+1 is hence
The equivalent nonlinearity g(r) does not constitute a polynomial approximation for f (r), since f (r) and g(r) differ more when γ max is higher (i.e., when the equivalent nonlinearity has more polynomial terms). Fig. 4 shows the PSD of a clipped OFDM signal with N = 128 and M = 4 obtained both by simulation and theoretically considering the truncated IMP approach with n γ = 7 and the equivalent nonlinearity with γ max = 7. From the figure, it can be noted that when the equivalent nonlinearity is considered, a value of γ max = 7 is enough for obtaining good accuracy. However, the PSD obtained with the truncated IMP approach with n γ = 7 IMPs presents a considerable error when compared to the PSD obtained by simulation. 
IV. PERFORMANCE OF NONLINEAR OFDM SCHEMES
In this section, by making use of an equivalent nonlinearity to substitute the non-smooth characteristic of clipping, we present some performance results associated to nonlinear OFDM schemes.
A. Signal-to-Interference Ratio
The conventional receivers consider the nonlinear distortion as a noise term that substantially degrades the performance. This degradation can be estimated through the SIR, that is defined for the kth subcarrier as
where G d,k is the average PSD associated to the nonlinear distortion term (see (4) 
/N (i.e., the distortion PSD was estimated by averaging a large number of clipped OFDM sequences), while the theoretical results were obtained through the equivalent nonlinearity and are shown to be very accurate, which means that this is an efficient, easy way for obtaining the degradation associated to clipped OFDM signals. 
B. Asymptotic Optimum Performance
Recently, it was shown that optimum receivers can be a good alternative to the conventional receivers and the "Bussgang receivers" that try to estimate and cancel the nonlinear distortion at the reception side [15] - [17] . In [18] , it is shown that the optimum performance of nonlinearly distorted signals can be as good or even better than the performance of conventional receivers in the absence of nonlinear distortion. By employing optimum receivers, there is an asymptotic gain in the bit-errorrate (BER) that is related to the ratio between the squared Euclidean distance between the signals D 2 NL and the average bit energy in the presence of nonlinear distortion effects E NL b , that can be theoretically obtained as
The average value of this asymptotic gain considering QPSK constellations 4 is [18]
where μ is the number of bit differences between the two linear OFDM sequences and d 2 adj is the absolute value of the difference between two QPSK symbols. be noted that the average asymptotic gain can be accurately derived using the equivalent nonlinearity (i.e., substituting A(r) by g(r) in (19)), being almost equal to the simulated gain. This unveils that the use of a smoother, equivalent nonlinearity to substitute the clipping characteristic does not compromise the analysis of the asymptotic gain associated to the optimum detection of clipped OFDM signals.
V. CONCLUSIONS
In this paper we studied the effects of a clipping operation on sampled OFDM signals and we define an equivalent nonlinear characteristic that is polynomial, with small degree, whose output has the same spectral characteristics of a clipping operation.
Our performance results showed that we can use this equivalent nonlinear characteristic for studying the impact of the effects of clipping on sampled OFDM signals, allowing very 4 The generalization to other constellations is straightforward.
accurate estimates of the PSD of the output signals, as well as the corresponding SIR levels. It can also be employed to obtain the asymptotic performance associated to the optimum detection of clipped OFDM signals.
